This paper proposes an analysis of the effect of vertical motion of the CoM during humanoid walking. The linear inverted pendulum (LIP) model is classically used to deal with humanoid balance during walking. The effects on energy consumption of the CoM height remaining constant for humanoid robots, or varying like human beings, are badly known and are studied here. Two approaches are introduced for the comparison: the LIP which offers the great advantage of analytical solving (i.e. fast and easy calculations), and a numerical solving of the IP dynamics, which allows varying the height of the center of mass during walking. The results are compared in a dynamics simulation of the humanoid robot ROMEO (Aldebaran Robotics).
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Introduction
The locomotion of humanoid robots is one of the most important topics in humanoid robotics. These highly advanced robots are expected to coexist with humans. For this reason, we aim to obtain a human-like walking. Vukobratovic et al. 1 originally suggested the zero moment point (ZMP) as a criterion to study the dynamic stability of a biped robot. This criterion was widely used in the control of biped robots stability. Many researches proposed to first to generate the robot motion, and then to guarantee the stability by correcting the horizontal motion of the upper body.
2,3 Nagasaka et al. 4 proposed an optimal method to minimize the error between the actual ZMP and its desired trajectory. Dasgupta et al. 5 suggested to use the joint variables captured from human subjects walking, but the horizontal motion of the trunk is modified before delivering it to the robot in order to maintain the ZMP close to its predefined reference trajectory.
Other ZMP-depending methods represent the robot by an inverted pendulum. These methods specify the ZMP trajectory in advance and then calculate the center of mass (CoM) motion corresponding to the desired ZMP.
6,7 Yuan et al. 8 also uses the inverted pendulum equation to define the horizontal displacement of the waist. He considers a very small-amplitude vertical motion of the center of mass but he does not take it into account when calculating the horizontal motion of CoM in order to simplify the system. However, most of the previous methods do not take into account the vertical motion of the center of mass and this leads in most cases to a not very human-like walking gait. In addition, robots walk with their knees bent which makes the system consume more energy. 9, 10 In this paper we suggest to solve numerically the differential equation relying the horizontal components of the center of mass of the pendulum and the ZMP components. In fact, the numerical solution allows us to consider the vertical displacement of the robot CoM because the mathematical complexity of this equation is no longer troubling. And this allows us to generate a more human-like walking gait because the waist oscillates with a smaller magnitude and moves also vertically. Finally, our system with a 3D-displacement of CoM consumes fewer energy than the one with a constrained vertically CoM.
Inverted pendulum dynamics equations
The dynamics of a humanoid robot can be approximated by the inverted pendulum model. This approximation leads to a relation linking the CoM position to the ZMP position, which can be expressed in 3D as
where P = [x P y P z P ] t and C = [x y z] t denote the ZMP and CoM positions in the reference frame, respectively. The differential equations system (1) is non linear and difficult to solve analytically.
Analytical solving
A solution to use these equations for humanoid control consists in linearizing the system in x and y. Kajita et al. considered that the vertical motion of the CoM is fixed with z = z c , thereforez = 0 the. 11, 12 The differential system (1) becomes linear in x and y:
The differential system (2) accepts a solution of the form:
Where T c = zc g and z c is the constant height of the robot center of mass. This solution is rather simple, but does not lead to a very human-like gait as the waist of the robots remains at the same height during its gait.
Numerical solving
The vertical variation of the CoM position will be an input. We will, represent the vertical component of the CoM position as a function of time: z = z(t). The function z(t) is set depending on the description of the vertical displacement of the CoM for human walking defined by Hayot et al.
13
According to this study z(t) should be a function oscillating along the average height of the CoM z c , reaching its maximal value at midstance and its minimal value at the middle of the double support phase. A function of the form (4) can meet the description of z(t), it is illustrated in Fig. 1 :
Where A denotes the vertical amplitude of the CoM altitude; ω = 2π/T ; T is the period of one step; φ is some angle depending on the first phase of the motion (Single Support SS or Double Support DS). The resultingẍ is obtained by reporting z andz in Eq.(1).
The expression ofÿ may be obtained using the same treatment. But we will limit our study to the 2D motion in the sagittal plane. However, the differential system leading to 5 is non-linear and non-homogeneous of second order. If not linearized, no analytic solution exist for these equations.
Modeling

Walking cycle of the humanoid robot
The walking cycle is defined by two successive steps (right and left legs). One step is composed of a single support phase (SS) on the stance leg, delimited by swinging foot takeoff and swinging foot strike, and a double support phase (DS) where balance is distributed on both legs, delimited by swinging foot strike and the other leg foot takeoff. The system parameters for positions, velocities and accelerations are equal at the beginning and at the end of each cycle. In what follows, the following hypotheses will be considered for the complete motion: The feet soles remain parallel to the ground; The trunk segment remains vertical; CoM and waist segment have the same velocity profiles; Feet velocity and acceleration are equal to zero at foot strike.
Studied robot
Let us consider the 2D humanoid robot shown in Fig. 2 . It is composed of 6 actuators (2 ankles, 2 knees and 2 hips) to control its body movements in the sagittal plane. Let q denote the system generalized coordinates vector.
Where q 1 q 2 . . . q 7 are the joint variables and x z are the Cartesian coordinates of the hip. The reference frame is defined such that x 0 denotes the horizontal advancement direction, z 0 is the vertical bottom-up direction, and y 0 = z 0 × x 0 is the lateral direction.
Dynamic model
The dynamics of the system may be described by the following equations.
The matrices D, C, and G describe respectively the inertia, Coriolis and gravity forces acting on the system. The matrix B is the actuation matrix; it expresses the contribution of each joint torque in the virtual work δw:
where Γ = Γ 1 Γ 2 . . . Γ 6 t and B = I 6 0 6×3 t . The vectors R 1 and R 2 are the ground reaction forces exerted on foot 1 and foot 2 respectively.
In single support, there are n = 9 unknown variables which are the components of (Γ, R 1 ) or (Γ, R 2 ) depending on which foot is in contact with the ground. So, the n independent equations in the first line of (6) are sufficient. On the other hand, in double support there are 12 unknown variables in (Γ, R 1 , R 2 ) and only n = 9 equations available. In order to solve the problem in double support, 3 variables should be chosen and set to completely describe the system dynamics. Let us fix the 3 components of ground reaction forces exerted on the foot that was swinging before the considered double support. Let leg 1 be the stance leg before the considered double support, and leg 2 the swinging leg. In the single support just after the considered double support, the stance and swinging legs are exchanged. The first step consists in solving the dynamics for both single support phases. So we obtain the joint torques and the ground reaction forces in the both single support phases.
Then the 3 components of R 2 can be defined by a third order polynomial meeting the boundary conditions :
• R 2 at the beginning of the DS = R 2 at the end of the previous SS.
• The derivative of R 2 at the beginning of the DS = the derivative of R 2 at the end of the previous SS.
• R 2 at the end of the DS = R 2 at the beginning of the next SS.
• The derivative of R 2 at the end of the DS = the derivative of R 2 at the beginning of the next SS.
Then the joint torques and R 1 can be deduced from the second line of Eq. (6) :
Figure 3 illustrates two components of R 1 and R 2 for two walking cycles. The blue part of the curves result from dynamics equations, while the red parts match the rebuilt components during the double supports. A similar process is performed for all double support phases. 
Results
Simulation settings
We have used the model of the humanoid robot described in 3.2 to realize a walking gait according to the the hypotheses mentioned in 3.1.The desired trajectory of the ZMP was defined as a polynomial function of time (Fig. 4) . The resulting CoM forward displacement is shown in Fig. 4 . It was then calculated using either the linear inverted pendulum (2) or the numerical solving of (1). We note that the two forward CoM trajectories are almost identical. Then the joint variables were calculated using the inverse kinematics. In the following figures, the single and double support phases are delimited by vertical dashed lines. Joint torques In the following, the results of the dynamic model are illustrated for two cases: when the robot walks with a fixed height of its center of mass (A = 0) and when the robot walks with a sinusoidal height of its center of mass with amplitude of (A = 2[cm]). From figure 5 we notice that the joint torques at knees and ankles are smoother when the CoM of the robot oscillates sinusoidally in the vertical direction.
Energy consumption
Many criteria exist to evaluate energy consumption of a mechanical system. In this approach, we chose the sthenic criterion E which is defined as the quadratic actuated torque per unit of distance, as exposed in eq (8) .
where t 0 and t f denote the beginning and ending instants of the total observed motion, d is the traveled distance. Fig. 6 (a) illustrates the sthenic criterion E as a function of the amplitude 2A of the CoM sinusoidal trajectory for three values of z c , the mean height of CoM. We notice that the sthenic criterion decreases considerably when A increases in the range [0, 2 cm]. The quadratic actuated torque value E 0 = Γ t Γ with time is illustrated in Fig. 6 (b) . We notice that E 0 is very high at both ends of single support phases, for the two cases : z = cnst and A = 2 [cm] . But E 0 is less whit A = 2C[cm] than with z = cnst. This effect comes from the fact that the knee is less bended with a CoM height variation. As a consequence, the lever is also reduced, and the required torque decreases. When A is greater than certain value depending on the z c (about 2[cm] for the studied structure), E starts to increase. So that, depending on z c , there is a limit of A that we can not exceed because the knee angle comes close to π in midstance.
conclusion
This paper proposed an analysis of the effect of CoM vertical magnitude on the energy consumption for humanoid walking gait. A 2D simulation was proposed to compare the classical LIP model solved analytically to an IP model solved numerically and offering a possible variation of the CoM height during walking. The dynamics analysis allowed to come out with the following conclusions:
(1) For both IP models, the highest actuator torques occur at the change of single and double support phases; (2) The use of a variable CoM height considerably reduces the torque so- According to this conclusions, graphs giving the optimal value of the CoM vertical magnitude according to step length and walking velocity may be obtained and included in humanoid walking gait generators to minimize the energy consumption.
